On the largest prime factor of integers by Chaohua Jia (Beijing) and Ming-Chit Liu (Hong Kong) 1. Introduction. Let Q(x) denote the largest prime factor of x<n≤x+x 1 2 +ε n.
We are interested in a lower bound of Q(x). On the Riemann Hypothesis, one can show that Q(x) > x holds for sufficiently large x. In 1973, Jutila [11] showed that, for sufficiently large x, Q(x) > x ϕ , where ϕ = 2 3 − ε. Balog [1] , [2] improved it to ϕ = 0.772. Balog, Harman and Pintz [3] obtained ϕ = 0.82. Heath-Brown [7] got ϕ = 11 12 − ε. Recently, Heath-Brown and C. Jia [8] showed ϕ = 17 18 − ε. In this paper, we use some ideas coming from [5] , [6] , and [8] [9] [10] on the sieve method and a delicate application of the estimate of Deshouillers and Iwaniec [4] on the mean value of Dirichlet polynomials and ζ function. Then we can prove the following: We often use M (s) (M standing here for any capital letter except P and L) to denote a Dirichlet polynomial in the form
where a(m) is a sequence of complex numbers with a(m) = O (1) . We also use P (s) to denote
where p denotes a prime number.
All calculations in this paper can be verified on the PC computer. The paper containing full details is obtainable from the authors. 
Some preliminary lemmas
Applying Cauchy's inequality and the mean value estimate for Dirichlet polynomials, we obtain we have
If D N, changing the roles of N and D, we get 
Combining the regions (a)-(e), we get the regions in Lemma 3. If N, D lie in one of these regions, then
This completes the proof of Lemma 3.
We define w(u) as the continuous solution of the equations
In particular, when 2 ≤ u ≤ 3,
Lemma 4. For the function w(u), we have the following bounds:
See Lemma 5 of [8] .
We see that for u ≥ 1,
Lemma 5. Let E = {n : t < n ≤ 2t} and z ≤ t. Set
Then for sufficiently large t and z, we have
See Lemma 6 of [8] .
3. Sieve method. Let
If we prove that
then we obtain the assertion of the Theorem.
In the following, we set
Buchstab's identity yields
S(A p , p).
By the discussion in Lemma 8 of [8] with the application of Lemma 1, we can get the asymptotic formula
The discussion in Lemma 9 of [8] yields the asymptotic formula
Applying Buchstab's identity again, we get 
S(A pq , q).
By the discussion in Lemma 9 of [8] , the first sum on the right side in (9) has an asymptotic formula.
We therefore need to deal with the sum 
S(A pq , q). (11)
Now we define the deficiency of a sum as defined in Section 3 of [9] . If
then we call the constant C the deficiency of Σ. Of course any constant greater than C can be used as the deficiency of Σ. If a sum has an asymptotic formula, then its deficiency is 0.
When we write
by Lemma 5 and the prime number theorem, we have
Hence, the deficiency is
Similarly, we can define the deficiency of the sum in 2n (n ≥ 2) variables.
4.
The deficiency of Ω 1 . Applying Buchstab's identity twice, we get 
S(A pqrstw , w),
where t and w denote prime numbers.
In the second sum above, let m = pq, n = r, d = st. Note that st < s
25 . By the discussion in Lemma 9 of [8] with the application of Lemma 3, we can get an asymptotic formula. We deal with the first sum in the same way.
The corresponding deficiency of the third sum is 
We now discuss the remaining cases which are similar to case 1), and write the deficiencies in brackets.
2) ptw < v 
1) s < r
We discuss the following cases. 
S(A pqrs , s).
We shall employ Buchstab's identity in the following way: 
We call the above procedure process II. We call Σ 1 the prime term and Σ 2 the almost-prime term.
i) The deficiency of the prime term is 
ii) The deficiency of the almost-prime term is 
where we used the fact that 1) The deficiency of the prime term is 0.017964.
2) The deficiency of the almost-prime term is 
where we used the fact that s < 
where we used the fact that min r, 
Applying process I again, we have to deal with a sum whose deficiency is 
where we used the fact that s ≤ min r, 
S(A pq , q).
The corresponding deficiency is 12 25 \
25
dt t
We discuss several cases.
25 . The corresponding deficiency is 
2) s > q 
S(A pq , q).
We write 25 . By the discussion in Lemma 9 of [8] with the application of Lemma 2, we can get an asymptotic formula. The idea of transferring the application of the sieve method from the l-summation to the n-summation comes from [6] . Now we shall deal with the deficiencies of the following two sums: 
We refer to [6] and [10] . Firstly we consider the deficiency of Γ 1 in some cases.
1 
Applying process II to the ν-summation, we have to consider the prime term and the almost-prime term. For convenience, we call them the z-prime term and the z-almost-prime term respectively.
i) The deficiency of the z-prime term is ii) The deficiency of the z-almost-prime term. Now ν is replaced by eβ, where z < e < β, (β, P (e)) = 1, e is a prime number and β is an integer. The corresponding deficiency is 
1) s < q −

